We generalize a Bernstein-type result due to Albujer and Alías, for maximal surfaces in a curved Lorentzian product 3-manifold of the form Σ 1 × R, to higher dimension and codimension. We consider M a complete spacelike graphic submanifold with parallel mean curvature, defined by a map f : Σ 1 → Σ 2 between two Riemannian manifolds (Σ m 1 , g 1 ) and (Σ n 2 , g 2 ) of sectional curvatures K 1 and K 2 , respectively. We take on Σ 1 × Σ 2 the pseudoRiemannian product metric g 1 −g 2 . Under the curvature conditions, Ricci 1 ≥ 0 and K 1 ≥ K 2 , we prove that, if the second fundamental form of M satisfies an integrability condition, then M is totally geodesic, and it is a slice if Ricci 1 (p) > 0 at some point. For bounded K 1 , K 2 and hyperbolic angle θ , we conclude M must be maximal. If M is a maximal surface and
Introduction and statement of main results
The classical Bernstein theorem states that an entire minimal graph in R 3 is a plane. This result has been generalized to graphic hypersurfaces of R m+1 for m ≤ 7, and for higher dimensions and codimensions under various growth conditions. Calabi in [4] introduced a similar problem in Minkowski space. He considered a maximal (that is, with mean curvature H = 0) spacelike hypersurface M in the Lorentz-Minkowski space R m+1 1 with metric ds 2 2 , given by the graph of a function f on R m with |D f | < 1. In this case the equation for maximality takes the form
Calabi, for m ≤ 4, and later Cheng and Yau [5] for any m ≥ 2, proved that any entire solution to the above equation is linear. Spacelike hypersurfaces of constant mean curvature in Lorentzian spaces have been the subject of investigation in general relativity theory (see for example [3] ). Contrarily to the Riemannian case, there are entire spacelike graphs with nonzero constant mean curvature in R m+1 1 (see [11] ), as for example the hyperboloids. On the other hand, under some boundedness assumptions or growth conditions on the Gauss map, Bernstein-type results have been obtained for spacelike submanifolds of the pseudo-Euclidean space R m+n n with parallel mean curvature ( [14, 15, 8] ). A natural generalization is to consider maximal spacelike submanifolds in a non-flat ambient space. Albujer and Alías [1] proved a new Calabi-Bernstein-type result for surfaces immersed into a Lorentzian product 3-manifold of the form Σ 1 × R, where Σ 1 is a Riemannian surface of nonnegative Gauss curvature. In this note, we generalize this result to spacelike graphic submanifolds with parallel mean curvature in a non-flat pseudo-Riemannian product space of any dimension m + n, and under less restrictive curvature conditions. Our main tool, as in [1] , is the explicit computation of ∆ cosh θ , where θ is the hyperbolic angle, a quantity that measures how far is M from a slice, and that was introduced by Chern [7] for the Riemannian version of the Bernstein theorem for surfaces in R 3 . This angle plays a similar role to the Gauss map in flat ambient spaces mentioned above. The main difficulty in higher codimension is the definition of the hyperbolic angle itself. This can be done with the help of a suitable parallel form from the ambient space (see section 2), representing a different approach comparing with the case m = 2 and n = 1, namely on what concerns the computations involving cosh θ , that are also considerably more complicated when n ≥ 2, even for m = 2.
Let N = Σ 1 × Σ 2 be a pseudo-Riemannian product manifold of two Riemannian manifolds (Σ i , g i ) with pseudo-Riemannian metricḡ = g 1 − g 2 . We denote by K i and Ricci i the sectional curvatures and the Ricci tensor of each Σ i , respectively. Assume Σ 1 is oriented and M is a spacelike graphic submanifold
g be the induced metric on M. The hyperbolic angle θ can be defined by
where the determinant is taken with respect to g 1 . Note that d f 2 is bounded. Let B be the second fundamental form of M. We state our first main theorem:
Assume M is a complete spacelike graph with parallel mean curvature, and for any p
. Then we have: 
, where ε > 0 is a constant, then f cannot have rank greater or equal to two (one, respectively) at infinity.
In case Σ 2 is one-dimensional, in next proposition we replace the boundedness condition on cosh θ and K 1 given in theorem 1(ii) by weaker conditions, and obtain the same result, by recalling an isoperimetric inequality in [10] : This paper is organized as follows. In section 2, we recall some preliminaries of spacelike submanifolds in pseudo-Riemannian manifolds, and compute the Laplacian of cosh θ . The proofs of theorem 1 and proposition 2 are given in section 3. In section 4, we discuss the surface case and prove Theorem 3.
Spacelike submanifolds in pseudo-Riemannian products
Let N be a (m+n)-dimensional pseudo-Riemannian manifold with non-degenerate metricḡ of index n, and F : M → N a m-dimensional spacelike submanifold immersed into N. We denote by ∇, ∇ and ∇ ⊥ the connections on N, M, and the normal bundle NM, respectively, and by B the second fundamental form of M. We convention the sign of the curvature tensorR of N is defined bȳ
and choose orthonormal frame fields {e 1 , · · · , e m+n } of N, such that restricting to M, {e 1 , · · · , e m } is a tangent frame (of spacelike vectors), and {e m+1 , · · · , e m+n } a normal frame (of timelike vectors). Let h α i j be the components of the second fundamental form, B(e i , e j ) = h α i j e α , andR a bcd , R i jkl , R α β kl , the components of the curvature tensors of N, M and NM, respectively. Using the structure equations of N, we derive (see e.g. [5, 8] for the case N = R n+m )
The mean curvature of F is denoted by
Let Ω be a parallel m-form on N. Similarly to [12] , we compute the Laplacian of the
Set u = u ⊤ + u ⊥ , with u ⊤ ∈ T M and u ⊥ ∈ NM. Differentiating (4), we have
Using (3),
we get in components
and
with e α , e β occupying the i-th and the j-th positions. The same meaning is for Ω αi . Here, || · || denotes the absolute of the norm of a timelike vector.
Next we consider the pseudo-Riemannian product manifold N = Σ 1 × Σ 2 , with the pseudo-Riemannian metricḡ = g 1 − g 2 , where (Σ i , g i ) are two Riemannian manifolds of dimension m and n, respectively. Let π i : N → Σ i denote the corresponding projections.
Suppose M is a spacelike graph of a map f :
The spacelike condition on M means λ 2 i < 1. By the Weyl's perturbation theorem [13] , ordering the eigenvalues in this way, each λ 2 i : Σ 1 → [0, 1) is a continuous locally Lipschitz function. For each p, let s = s(p) ∈ {1 . . . , m} be the rank of f at p, that is, λ 2 s > 0 and λ 2 s+1 = . . . = λ 2 m = 0. Then s ≤ min{m, n}. We say that f has rank ≥ s at infinity, if there is a constant ε > 0 such that λ 2 s ≥ ε, away from a compact set K.
We take an orthonormal basis
This constitutes an orthonormal system in T f (p) Σ 2 , that we complete to give an orthonormal basis {a α } α=m+1,···,m+n for T f (p) Σ 2 . Moreover, changing signs of the λ i if necessary, we can write d f (a i ) = −λ iα a α , where λ iα = δ α,m+i λ i meaning = 0 if i > s or α > m + s. Therefore
form orthonormal basis of T p M and N p M, respectively. We may assume e i to be positively oriented. We also identify M = Γ f with Σ 1 with the graph metric g = g 1 − f * g 2 , and consider λ i as functions on the variable
Let Ω be the volume form of (Σ 1 , g 1 ), which is a parallel m-form on N, and Ω ′ the one of (Σ 1 , g ). The ratio Ω/Ω ′ is given by
where * is the star operator on M. This quantity is ≥ 1 and is cosh θ defined in (1). Then, cosh θ is identically equal to 1 if and only if f is a constant map, that is, M is a slice. Furthermore, if cosh θ is bounded, what means λ 2 i ≤ 1 − δ , where δ > 0 is a constant, then g 1 ≥ g ≥ δ g 1 . In this case, Σ 1 is complete (compact) if and only if M is so. The singular values λ i of f are constant maps if F is a totally geodesic immersion. To see this, we first note that F is totally geodesic if and only if f : Σ 1 → Σ 2 is a totally geodesic map (a proof of this is similar to the Riemannian case [9] , remark 2). Parallel transport of a i along geodesics of Σ 1 starting from p, shows that f * g 2 (a i , a j ) = δ i j λ 2 i is constant. With respect to the frames {e i } and {e α } given in (6), (7), we have
We denote by R 1 and R 2 the curvature tensors of Σ 1 and Σ 2 . SinceR α kik = ∑ βRβ kikḡ αβ = −R αkik , we get
.
Consider for i = j the two-planes
Inserting (8) and (9) into (5), and using the fact that the star operator is parallel, we at last arrive at
Proof of main results
It is convenient to recall lemma 3.1 in [1] , which is also valid in our setting.
We also recall the well-known Omori-Cheng-Yau maximum principle:
Proposition 6 ([6]). Let u be a function bounded from above on a complete manifold M with Ricci curvature bounded from below. Then for any fixed p 0 ∈ M, there exists a sequence of points {p
Proof of Theorem 1. By (4) we have
which implies
θ . From (10) and (12), and the assumption H parallel, that is H α ,i = 0, we have,
First we need to compute the terms on the right hand side of (13). Since F is spacelike, at each point p ∈ M there exists a positive constant δ = δ (p) ≤ 1 such that λ 2 i ≤ 1 − δ for any 1 ≤ i ≤ m. Thus, |λ i λ j | ≤ 1 − δ for any i and j. We note that λ i = 0 for i > min(m, n). Therefore, we have
where we keep in mind that h m+ j ik = 0 when m + j > m + n (because it is the only possible meaning). So the terms in (13) satisfy at p
From the curvature assumptions, (14) ≥ 0. Consequently, we have at each p a differential inequality,
Now we prove (i). From (16) (14) that λ i = 0 for any i = 1, · · · , m, and thus f is a constant map, that is, M is a slice.
(ii) Using an o.n. basis E i that at a given point diagonalizes the Ricci tensor Ricci M of M, and applying Gauss equation (2), we have for each s
where all components appearing in this expression are with respect to this frame. Since M has parallel mean curvature, ||H|| is constant, and so Ricci M is bounded from below whenever ∑ jR (E s , E j , E s , E j ) is so. Using the other frame, we have ∑ jR (E s , E j , E s , E j ) = ∑ jik A si A skR (e i , e j , e k , e j ), where A si = g(E s , e i ), defines an orthogonal matrix. As in section 2, we have
Since K 1 and K 2 are bounded, the same holds for R 1 (a i , a j , a k , a j ) and R 2 (a m+i , a m+ j , a m+k , a m+ j ). Boundedness of cosh θ means there is a positive lower bound δ for all δ (p), and (18) is bounded. Thus, from Proposition 6, there exists a
Then by (16) we conclude H = 0, because H is constant. Now we assume for p away from a compact
where ε > 0 is constant. Again by (15) and (14), we have for p / ∈ K,
In particular, f cannot have rank greater or equal to two at infinity. If p k ∈ K for a subsequence, then ln(cosh θ ) attains a maximum at some limit point p ∞ of p k , and being a subharmonic map (see (16) ), by the strong maximum principle cosh θ is constant, and so, by (16) , B = 0, because δ (p ∞ ) = 0. Consequently all λ i are constant, and 0 = (19) holds for p /
∈ K, what implies λ i (p) = 0 for all i ≥ 2. The case Ricci 1 ≥ ε is similar.
We observe the boundedness condition on θ is equivalent to the boundedness condition on the Gauss map of Jost and Xin [8] in case K 1 = K 2 = 0. Hence, by their Bernstein theorem we have:
and M is a graphic parallel submanifold with bounded hyperbolic angle, then M is a plane.
Next we prove proposition 2. We are assuming Σ 1 complete and oriented. Let O be an open set of Σ 1 . The Cheeger constant of O is defined by 
In particular, if M has constant mean curvature, the Cheeger constant of (Σ 1 , g 1 ) vanish, and the hyperbolic angle is bounded, then M is maximal. Now, proposition 2 follows directly as an application of previous lemma and the inequality in proposition 9, by taking D ⊂ B r , and that for n = 1, cosh θ = (1 − ∇ f 2 ) −1/2 .
We should note that a certain nonnegativeness condition on the curvature of 
Surface case (m = 2)
Proof of Theorem 3. We calculate
So, by (10) and (12) we have,
Since M is maximal and m = 2, we have 
Therefore by assumption on the curvatures, (20) becomes 
Since λ i < 1 for i = 1, 2, the last equality implies h 3 i j = h 4 i j = 0. Therefore, M is totally geodesic and λ i and cosh θ are constant. From (22) we conclude that, if at some point K 1 (p) > 0, then f is constant. Now assume K 1 is identically zero, and K 2 < 0 at some point f (p). By (22) λ 1 λ 2 = 0. Hence, the rank of f is zero or one, and since f : Σ 1 → Σ 2 is a totally geodesic map, the image of f lies on a geodesic of Σ 2 . In case Σ i are Euclidean spaces, a totally geodesic surface of R 2+n n is a plane.
So we have the following corollary of Theorem 3 for K 2 = −1: Corollary 11. If M is a complete maximal spacelike graph of the pseudo-Riemannian product R 2 × H n , defined by a map f : R 2 → H n , then either f is constant or its image lies on a geodesic of H n .
If Σ 2 is complete, there are trivial examples of complete totally geodesic spacelike graphs in R m × Σ 2 , with image of f a non-constant geodesic. Let γ : R → Σ 2 be an entire geodesic with γ ′ (0) 2 < 1. Then f : R m → Σ 2 , given by f (x 1 , . . ., x m ) = γ(x 1 ), is a totally geodesic map with image γ, and the graph of f is a complete totally geodesic spacelike immersion. Note that we are using two facts: geodesics of Σ 2 are just the totally geodesic maps from R into Σ 2 , and totally geodesic graphs are just the graphs of totally geodesic maps (see section 2).
